Abstract. Let Z be a specialization closed subset of Spec R and X a homologically left-bounded complex with finitely generated homologies. We establish Faltings' Localglobal Principle and Annihilator Theorems for the local cohomology modules H i Z (X). Our versions contain variations of results already known on these theorems.
Introduction
Throughout, R is a commutative Noetherian ring with identity. Let a be an ideal of R and M a finitely generated R-module. The finiteness dimension of M relative to a, f a (M ), is defined as the infimum of the integers i such that H i a (M ) is not finitely generated. Let r be a positive integer. It is known that H i a (M ) is finitely generated for all i < r if and only if a n H i a (M ) = 0 for some positive integer n and all i < r. Faltings' Local-global Principle Theorem [Fa1, Satz 1] asserts that the R-module H i a (M ) is finitely generated for all i < r if and only if the R p -module H i aRp (M p ) is finitely generated for all i < r and for all p ∈ Spec R. In the literature, there are many generalizations of Faltings' Local-global Principle and Annihilator Theorems for ordinary local cohomology and also for some of its generalizations; see e.g. [AKS] , [BRS] , [Ka] , [KS] , [KYA] and [Ra] .
It is known that all the generalizations H N ) , we refer the reader to [TYY] and [He] . Also, Yoshino and Yoshizawa [YY, Theorem 2.10] have shown that for every abstract local cohomology functor δ from the category of homologically left bounded complexes of R-modules to itself, there is a specialization closed subset Z of Spec R such that δ ∼ = RΓ Z . Therefore, any established result on H i Z (X) encompasses all the previously known results on each of these local cohomology modules.
Our aim in this paper is to establish Faltings' Local-global Principle and Annihilator Theorems for the local cohomology modules H i Z (X). More precisely, we prove the following theorem; see Theorems 3.8 and 4.5, and Corollaries 3.9 and 4.6. To state it, we first need to fix some notation.
Let Z ⊆ Y be two specialization closed subsets of Spec R and X a homologically left bounded complex with finitely generated homologies. Set
Theorem 1.1. Let Z ⊆ Y be two specialization closed subsets of Spec R and X a homologically left-bounded complex with finitely generated homologies. Then the following statements hold.
homomorphic image of a finite-dimensional Gorenstein ring and
X is homologically bounded. Then f Y Z (X) = λ Y Z (X) and f Y Z (X) = inf f Yp Zp (X p )| p ∈ Spec R .
Prerequisites
The derived category of R-modules is denoted by D(R). Simply put, an object in D(R)
is an R-complex X displayed in the standard homological style
We use the symbol ≃ for denoting isomorphisms in D(R). We denote the full subcategory of homologically left-bounded complexes by D ❁ (R). Also, we denote the full subcategory of complexes with finitely generated homology modules that are homologically bounded (resp.
. Given an R-complex X, the standard notion sup X = sup i ∈ Z| H i (X) = 0 is frequently used, with the convention that sup ∅ = −∞.
Let a be an ideal of R and X ∈ D ❁ (R). A subset Z of Spec R is said to be spe-
exists and is defined by RΓ Z (X) := Γ Z (I), where I is any injective resolution of X. Also, for every integer i, the i-th local cohomology module of X with respect to Z is defined by
To comply with the usual notation, for Z := V(a), we denote RΓ Z (−) and H 
for every integer i, one can easily check that
Recall that Supp R X := l∈Z Supp R H l (X) and
By [Iy, Theorem 6.2] , it is known that
When R is local with maximal ideal m, depth(m, X) is simply denoted by depth R X. For every prime ideal p of R and every integer i, the i-th Bass number µ i (p, X) is defined to be the dimension of the R p /pR p -vector space H −i (R Hom Rp (R p /pR p , X p )).
Local-global Principle Theorem
The following easy observation will be very useful in the rest of the paper.
Lemma 3.1. Let Z be a specialization closed subset of Spec R and X ∈ D ❁ (R). Then the following statements hold.
Proof. (i) Let s := sup X. By [Ch, Theorem A.3.2 (I) ], X possesses an injective resolution I such that I i = 0 for all i > s. As for every integer i, one has H
is finitely generated, and so H −s Z (X) is finitely generated too.
(ii) the proof is easy and we leave it to the reader.
(iii) Assume that Supp R X ⊆ Z. For every prime ideal p of R, one can check that
By [Fo, Lemma 2.3 (a) and Proposition 3.18], X possesses an injective resolution I such that
for all integers i. Thus, Γ Z (I i ) ∼ = I i for all integers i, and so
The following result plays an essential role in the proof of the derived category analogue of Falting's Local-global Principle Theorem.
Lemma 3.2. Let Z be a specialization closed subset of Spec R and
generated. So, we may assume that − sup X < t. Set T := Σ − sup X X and note that
(T ) for all integers i. So, by replacing X with T , we may and do assume that sup X = 0 and 0 < t. Then, there exists an injective resolution I of X such that I l = 0 for all l > 0. Now, let a ∈ F (Z) and P be a projective resolution of R/a. Set M p,q := Hom R (P −p , Γ Z (I q )).
Hence M := M p,q is a third quadrant bicomplex, and so the complex Hom R (P, Γ Z (I)) is the total complex of M.
and Γ a (I) are the same. By [Li, Propositon 3.2 .2], for any two complexes
with Supp R X 1 ⊆ V(a), one has an isomorphism
in D(R). This yields † and ‡ in the following display of isomorphisms in D(R):
Thus, there is a first quadrant spectral sequence is finitely generated. Thus E 0,t r is a finitely generated R-module if and only if E 0,t r+1 is a finitely generated R-module. Now, we claim that E 0,t r is a finitely generated R-module for all r ≥ 2. To this end, we use descending induction on r. Let r ≥ t + 2.
Then one can use the fact that sup X = 0 to deduce that E −r,t+r−1 r = E r,t+1−r r = 0, and so
∞ . Now, consider the following filtration
where
t+2 is finitely generated. Suppose that the result has been proved for all 2 < r ≤ t + 2. Then we want to show that the result holds for r − 1. Notice that 2 ≤ r − 1, and so by the above argument and inductive hypothesis one can see that E 0,t r−1 is finitely generated. It therefore follows that Hom R (R/a, H t Z (X)) is a finitely generated R-module.
Next, we record the following immediate consequence.
Corollary 3.3. Let Z be a specialization closed subset of Spec R and X ∈ D f ❁ (R). Then for every integer t, the following statements are equivalent:
is a finitely generated R-module for all i < t.
(ii) There exists an ideal a ∈ F (Z) such that aH i Z (X) = 0 for all i < t.
Proof. (i)⇒(ii) For each i < t, set a i := (0 : R H i Z (X)) and note that Lemma 3.1 (ii) implies that a i ∈ F (Z). Now, the ideal a := t−1 i=− sup X a i belongs to F (Z) and aH i Z (X) = 0 for all i < t.
(ii)⇒(i) We may and do assume that t ≥ 1 − sup X and proceed by induction on t. If t = 1 − sup X, then by Lemma 3.1 (i) we see that H i Z (X) is a finitely generated R-module for all i < t. Let t > 1 − sup X and suppose that the result has been proved for t − 1. Now by the induction hypothesis, H i Z (X) is a finitely generated R-module for all i < t − 1, and so by Lemma 3.2 the R-module Hom R (R/a, H t−1 Z (X)) is finitely generated. But, by our assumption aH t−1 Z (X) = 0, and so Hom R (R/a, H t−1
Let T be a second commutative Noetherian ring with identity and f : R −→ T be a ring homomorphism. Let Z be a specialization closed subset of Spec R. Then it is easy to check that Z f := q ∈ Spec T | f −1 (q) ∈ Z is a specialization closed subset of Spec T .
Lemma 3.4. Let f : R −→ T be a ring homomorphism and Z a specialization closed subset
. Then the following statements hold.
and set b := f −1 ( b). We claim that b ∈ F (Z). To this end, it is enough to show that every minimal element p in V(b) belongs to Z.
, and so bT ∈ Ω. Clearly, bT ⊆ b. Thus the two families of ideals Ω and
are cofinal.
(i) Let a be an ideal of R. Then by [Li, Corollary 3.4.3] , there is an R-isomorphism
for all integers i. Hence, (i) follows by the following display of Risomorphisms [Li, Corollary 3.4.4] , one has the third isomorphism in the following display of T -isomorphisms
, which completes the proof of (ii).
Let Z be a specialization closed subset of Spec R. Let S be a multiplicatively closed subset of R and f : R −→ S −1 R be the natural ring homomorphism. In this case, we denote
In particular, for a prime ideal p of R, we denote (R − p) −1 Z by Z p . Assume that R is local with the unique maximal ideal m andR is the completion of R with respect to the m-adic topology. Let f : R −→R be the natural ring homomorphism. In this case, we denote Z f by Z. Restating Lemma 3.4 (ii) for the flat R-algebras S −1 R andR yields the following result.
Corollary 3.5. Let Z be a specialization closed subset of Spec R and X ∈ D ❁ (R). Then the following statements hold.
(i) Assume that S is a multiplicatively closed subset of R. There is a natural S −1 R-
The next result provides a comparison between the annihilation of local cohomology modules with respect to a specialization closed subset of Spec R and the annihilation of their localizations. 
Proof. (i)⇒(ii) immediately follows by Corollary 3.5 (i).
(ii)⇒(i) Clearly, we may assume that t ≥ 1 − sup X. We proceed by induction on t. Let t = 1 − sup X. Then by Lemma 3.1 (i), H − sup X Z (X) is finitely generated, and so we may assume that
Now, by our assumption, there exist positive integers l p1 , . . . , l pr such that
for all i = 1, . . . , r. Let l := max l p1 , . . . , l pr . Then, in view of Corollary 3.5 (i),
Hence, a l H i Z (X) = 0 for all i < 1 − sup X. Next, suppose that t > 1 − sup X and the result has been proved for t − 1. From the induction hypothesis, we deduce that there exists a positive integer l 1 such that a l1 H i Z (X) = 0 for all i < t− 1. Then, Corollary 3.3 yields that H i Z (X) is finitely generated for all i < t− 1. Now, Lemma 3.2 implies that Hom R (R/a, H t−1 Z (X)) is finitely generated. By the assumption, for every prime ideal p of R, there exists a positive integer l p such that a lp H
t−1
Zp (X p ) = 0, and so Supp R (H t−1 Z (X)) ⊆ V(a). Therefore,
is finite. Hence, by a similar argument as in the case t = 1 − sup X, we may find a positive integer l 2 such that a l2 H t−1 Z (X) = 0. Finally, set l := max {l 1 , l 2 }.
Let us come to the last preparation for proving the main result of this section.
Lemma 3.7. Let Z be a specialization closed subset of Spec R and p ∈ Z. Let b be an ideal of the ring
√ Q i ∈ Z p , and so
This completes the argument, because
The following result is the derived category analogue of Faltings' Local-global Principle
Theorem for a single specialization closed subset Z of Spec R.
Theorem 3.8. Let Z be a specialization closed subset of Spec R and X ∈ D f ❁ (R). Then for every integer t, the following statements are equivalent:
(ii) H i Zp (X p ) is a finitely generated R p -module for all i < t and all p ∈ Spec R.
Proof. (i)⇒(ii) is clear by Corollary 3.5 (i).
(ii)⇒(i) We may and do assume that t ≥ 1 − sup X and proceed by induction on t. If t = 1 − sup X, then by Lemma 3.1 (i) we see that H i Z (X) is a finitely generated R-module for all i < t. Let t > 1 − sup X and suppose that the result has been proved for t − 1. The induction hypothesis implies that H i Z (X) is a finitely generated R-module for all i < t − 1, and so by Lemma 3.2 the R-module
Fix b ∈ F (Z). For every prime ideal p of R, we set
Lemma 3.7 yields that a p ∈ F (Z). As a p L b is a finitely generated R-module and (a p L b ) p = 0, there exists an element x p in R − p such that (a p L b ) xp = 0. Now, for every prime ideal p of R, set U xp := Spec R − V(Rx p ) and notice that for every q ∈ U xp , one has (a p L b ) q = 0.
Since any increasing chain of open subsets of Spec R is stationary, there exists a finite subset
Hence, by setting a :=
Z (X)), and so Corollary 3.9. Let Z be a specialization closed subset of Spec R and
Faltings' Annihilator Theorem
We start this section with the following technical, but useful, result. 
R-isomorphism
Proof. Let M be an R-module. There exists a natural R-homomorphism
. Then Supp R Rm ⊆ Y, and hence our assumption on Y − Z implies that each element of (Supp R Rm)
Next, we prove that for any injective R-module E, the R-homomorphism θ E is surjective.
, there is a positive integer n and s ∈ R−p • such that sp n • x = 0. Let q be a prime ideal of R with p • q and let t q ∈ p • − q. Since
is an isomorphism, we get that sx q = 0. Next, let q be a prime ideal of R with q p • . There is a positive integer n q such that q nq x q = 0. Let s q ∈ q − p • . Then s nx q = 0. So, we may takeš ∈ R − p • such thatšx q = 0 for all q = p • . Note that only finitely many of x q 's are nonzero. Thus, without loss of generality, we may assume that x q = 0 for all q = p • .
In particular, (0 : R x) = (0 : R x p• ). Hence x is annihilated by some power of p • , and so x ∈ Γ Y (E). On the other hand, using the fact that the map
is an isomorphism, one deduces that 
Therefore θ E is surjective, and so it induces a natural R-isomorphism
Next, we establish a useful long exact sequence of local cohomology modules.
Proof. First, let M be an R-module, and set
is a functor from the category of R-modules to itself, but not necessarily left exact.
We consider the right derived functor of this functor in D(R). Let X ∈ D ❁ (R) and I be an injective resolution of X. Then for every prime ideal p of R, we may check that I p is an injective resolution of the R p -complex X p .
We set H 
to obtain the long exact sequence (i) For every integer n, Z n := p ∈ Z| ht p ≥ n is a specialization closed subset of Spec R and n∈Z Z n = ∅.
(ii) If dim R is finite, then H i Zn (X) = 0 for all i and all n > dim R. (iii) For any two integers i and n, there exists an exact sequence
We need to apply the following first quadrant spectral sequence in the proof of the main result of this section.
Lemma 4.4. Let Z be a specialization closed subset of Spec R. Then for any X ∈ D ❁ (R) with sup X = 0 and any a ∈ F (Z), there is a first quadrant spectral sequence
Proof. By [FI, 1.6] , we have the following spectral sequence
Let I be an injective resolution of X. Then, one has the following natural R-isomorphisms
which completes the argument. Now, we are ready to prove the Annihilator Theorem for local cohomology modules of complexes. depth Rq T q = depth Rq X q + sup X for all q ∈ Spec R. Therefore, by replacing X with T , we may and do assume that sup X = 0, and so H i Z (X) = 0 for all i < 0 and H 0 Z (X) is a finitely generated R-module. (i)⇒(ii) First, we reduce the situation to the case that R is a Gorenstein local ring. To this end, let q / ∈ Y and p ∈ Z ∩ V(q). We should show that
which it is equivalent to show that
Hence, in view of Corollary 3.5 (i), by replacing R, Y, Z and X with R p , Y p , Z p and X p ; respectively, we may and do assume that (R, m) is a local ring and we must show that for every q / ∈ Y,
LetR be the completion of R with respect to the m-adic topology. We have
for some Q ∈ Min qR, and one can see that Q / ∈ Y. On the other hand, in view of [Iy, Corollary 2.6] we have
Corollary 3.5 (ii) yields that there is anR-isomorphism H
integers i. Thus we may assume that R is a complete local ring, and so it is a homomorphic image of a Gorenstein local ring. Next, in view of Lemma 3.4 (i), we can assume that R is a Gorenstein local ring.
Now for a given q / ∈ Y, we should show that H j qRq (X q ) = 0 for all j ≤ n − dim R/q. By Lemma 4.4, we have a first quadrant spectral sequence
So, we can use our assumption to deduce that a t H j+dim R/q m (X) = 0 for some positive integer t. Hence, by using the Local Duality Theorem [Ha, Chapter V, Theorem 6 .2],
(X, R) = 0, and so
As q / ∈ Y and dim R q = dim R − dim R/q, we deuce that Ext Applying Lemma 3.7 implies that V(a p,i ) ⊆ Y. Let t be a non-negative integer and p ∈ Z t − Z t+1 . As a p,i Ext
Rp (X p , R p ) = 0, there exists x p ∈ R − p such that (a p,i Ext t−i R (X, R)) xp = 0. Now, set U xp := Spec R − V(Rx p ) and note that for every q ∈ U xp , one has a p,i Ext t−i Rq (X q , R q ) = 0.
By using the fact that every increasing chain of open subsets of Spec R is stationary, one can deduce that there exists a finite subset W t of Z t − Z t+1 such that p∈Zt−Zt+1
Hence, by setting a t,i := p∈Wt a p,i , one can see that V(a t,i ) ⊆ Y and a t,i Ext t−i Rp (X p , R p ) = 0 for all p ∈ Z t −Z t+1 . Applying the Local Duality Theorem again implies that a t,i H i pRp (X p ) = 0 for all p ∈ Z t − Z t+1 . Now, using the exact sequence given in Corollary 4.3 (iii) implies that for the ideal a i := dim R t=0 a t,i , we have a i H i Z (X) = 0, and so by setting a := n i=0 a i the assertion follows.
We close the paper with the following result. (ii) The first assertion of (ii) follows by Theorem 4.5.
Denote inf f
Yp Zp (X p )| p ∈ Spec R by t. For every prime ideal p of R, Corollary 3.5 (i) easily yields that f Y Z (X) ≤ f Yp Zp (X p ), and so f Y Z (X) ≤ t. Let n be any integer with n < t and p be a prime ideal of R. As n < f Yp Zp (X p ), it turns out that there exists c ∈ F (Y p ) such that cH i Zp (X p ) = 0 for all i ≤ n. Hence, by Theorem 4.5, for every q / ∈ Y and every p ∈ Z ∩ V(q), one can deduce that depth Rq X q + ht p/q > n.
Thus, we can apply Theorem 4.5 again to deduce that there exists a ∈ F (Y) such that 
